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Algebraic Topology
1 Math Until We Die

• Stolen straight from Canada/USA Mathcamp.
• We do it better.
• Proof Indiana 7 Ohio.

2 Revolution

For 70 years, Ross has been anumber theory program. Today, we stage a revolution. For the next 10 hours, this is a topology
program. However, Connor is a fake revolutionary. He is a number theorist and not a topologist. He hates shapes. Here is
a squiggle.

Figure 1: Squiggle

That’s complicated. On the other hand, 2 + (−1) = 1 is easy.

The integers have a finite list of axioms (9 of them), and those are all we need to work with them. But, the squiggle is
a situation with a very infinite amount of information.

No one has any idea what is going on in the squiggle. There’s an infinite number of points, and how the hell are we
supposed to work with that?

There’s a solution to this problem, and that’s called coordinates—analytic geometry. Instead of just drawing a random
blob, let’s draw a square bounded by the coordinates (0� 0) and (2� 2). Going back to finite information is what makes
geometry doable.

Figure 2: Square
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It’s quite difficult to calculate the area of a squiggle, but at least for squares, we have finite information to work with. For
instance, as the side lengths are each 2, then 2 × 2 = 4. The same cannot be done for a squiggle, but that’s not the point.

The idea is that analytic geometry is very good for calculating area and lengths, but we’ll explore how there are other
qualitative things that it is not as good for.

Say we have a circle (just the boundary) as opposed to the filled-in circle (a disk). Well, the first circle has a hole in it. But,
how do we say that mathematically?

Figure 3: Circle

By the way, we write the circle as (1, which is the sphere (circle) in one dimension.

Sure, we have intuition, but there’s no simple way to say what that hole is. It’s still a very infinite situation, and there’s
no number I can point to and say “that number is proof there is a hole.”

Also, some holes seem to be different than others. Spheres, by default, are not filled in, so let’s start with a sphere, which
is just a big hole.

Figure 4: Sphere (hollow)

Is the circle hole different from the sphere hole? One hole is sort of like a lower dimension than the other. The lat-
ter is like volumetric in the sense that we could consider it a two-dimensional hole because the boundary is a two-
dimensional object, while the former hole has a one-dimensional boundary. That’ll factor in later.

Here’s a cylinder. Like always, we don’t want to consider the interior, or else the shape would just be the same as a ball.
So, we get a sort of band.
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Figure 5: Cylinder band

Well, this is very similar to a circle, since we’ve just stretched it out.

The nature of the hole hasn’t changed at all, but the dimension is the same as the shape. So, the nature of the hole
seems to depend not on the dimension, but on something else.

Hopefully, we get the vibe. So, in honor of this anti-number theory revolution, here’s Set #19with the peak of the number
theory program.

Let’s rip it in half (vertically).

And then, let’s fold it into a cylinder and tape it up.

We now have a straw-like object. No drinking through it, Lucas.

Now, let’s do something weird. Suppose we wrap it in a circle and tape it shut at one end. What do we get?
Aareyan“We get an elliptic curve!

If we inflate it a bit, we have a torus!

How can we visualize this? Well, let’s start with a square and use arrows to represent the gluing.

Figure 6: Starting square

First, we took the two arrows on top and bottom and glued them together. That gave us a cylinder.
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Figure 7: Taped cylinder

And then, we took the circular edges of our cylinder and stuck them together, giving us a torus.

Figure 8: Torus

However, we’ll actually draw that other arrow on the original square.

But, this isn’t actually a torus. It’s all crinkled up.

And also, we started with a square here, instead of a rectangle. The geometry is different. But, somehow in our soul
(Dr. All likes to say heart of hearts), we feel this is more or less the same. We’ve gotten pretty much the same shape at
the end.

And neither of these is a perfect mathematical torus. That isn’t even a geometric object—we’ve just said two edges of the
square are the same. That doesn’t change the dimension or anything.

Well, we stole Dr. All’s coffeemug (he no longer has property after the revolution). Inside, we sort ofmorph it smoothly
by pulling up the interior and squishing the handle to get a torus.
How can we mathematically capture this notion?

2.1 Homeomorphisms

This is called a homeomorphism. It’s sort of like a homomorphism, but different. Let’s define it mathematically.
Homeomorphic

If - and. are subsets of�= , we call them homeomorphic if there is a function 5 : - → . if

• 5 is bijective (we should at least correspond their points),
• 5 is continuous (we don’t make any cuts in our shape—if we have this) (we don’t want our torus to be the
same as our cylinder, so we are eliminating cuts)

• 5 −1 is continuous.
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Well, we’re not going to start from the real first principles. We’ll assume notions like continuous and not define them
rigorously.

Removing the continuity would allow us to cut open the torus and say that the torus is the same as a sphere. Now, the
last thing is quite subtle. It might seem that the inverse is automatically continuous if the original function is, but that’s
not true. For instance, if we map a line segment (that is open at one endpoint but closed at the other, like [0� 2�)) to a
circle (1, then this function can definitely be made bijective. However, the inverse is not continuous where the endpoints
match up.

Besides, we definitely want those two to be different—otherwise, that would violate so much intuition, like one having
a hole and one not.

Figure 9: Two ends of the segment are mapped to adjacent points on the circle

This is super fundamental—it’s our notion of what it means for two topological objects to be the same. In particular, we
might think of a homomorphism, but this homeomorphism is much more like an isomorphism.

With that, let’s go back to some more definitions.

Once again, we start off with paper constructions. Let’s bring back the cylinder, as well as a Möbius band.

Figure 10: Another cylinder band
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Figure 11: Möbius band

There’s something sort of subtle about why these two are not homeomorphic. Can we even prove it? After all, they
seem both to have holes in them.

For instance, we know that circles and lines are different since one has a hole and the other doesn’t, but we can’t even
formalize that.

So, how do we show that a Möbius band and a torus are different? Let’s draw a line segment and go around. In a sense,
the Möbius band just has one side because the line segment starts and ends on “opposite sides” of the strip, while on
a torus we stay on the same side. Just cut the paper and try it out.

So, a torus sort of has two sides, while a Möbius band only has one. Is there another way to describe this one-sidedness,
which is a topological property that we can’t quite describe? That’s our challenge tonight—studying this rigorously.

Connor“This is the first part of my talk. Aareyan, where the hell are you?
Aareyan“Iam here. Lock in. Sǔo Dìng (��)!

3 Holes

It’ll take a while before we can formalize what holes are. Before we get to that, let’s take the real number line (�1) and
the Euclidean plane (�2). Can we find a homeomorphism between them?

I mean, we really hope that such is impossible, or else that would destroy all our intuition about dimension. I claim
that a bijection is possible, but when we add in the condition that it must be continuous, it no longer is. The first part
is unrelated to this course, but how do we rigorously show the second one?

Well, here’s an angle of attack.

Let’s delete a point on the line, which also deletes a point on the plane.
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Figure 12: Punctured�1 and�2

On the one hand, the line is no longer connected (we can’t get from one side to the other), while on the other hand the
plane is (we can get around it).

Figure 13: Paths in punctured�1 and�2

And, a homeomorphism should preserve that, right? So, let’s formalize connectedness since that’ll seem to be helpful. In
our minds, connectedness means we can get from one point to another without going outside the shape.

Path

A path in - is a continuous map � : [0� 1] → - .

Once we know what a path means, connected just means there is a path between any two endpoints.

It turns out, though, that there are really scary spaces where our intuition breaks, and this definition no longer tells us
what we want. In that case, we define different notions of connectedness—that’s why we need to prefix this version.
That being said, we are living in nice spaces where they are the same.

Path-Connected

So, path-connectedmeans that there is some continuous path between any pair of points that goes through the
two. Rigorously, ∀ G� ∀ H� ∃ � : [0� 1] → -� �(0) = G ∧ �(1) = H� � is continuous.

Well, that allows us to show that� and�2 are the same, but that doesn’t help for�2 and�3. Here’s another idea.
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Suppose we had a path that goes around the hole. Well, we can’t just move it around nicely and shrink that path to a
point (because of the hole in the middle), while we can easily do that on�3. Just shift it up a little!

So, what does it mean to deform a loop? We’ll have a very similar description to the one we did for the subsets themselves.
Homotopy

Two paths �0 � �1 : [0� 1] → - are said to be homotopic if there is some continuous map � : [0� 1] × [0� 1] → -
so that �(C � 0) = �0(C) and �(C � 1) = �1(B).

By the way, we write �(C � B) with two variables because we are mapping two things.

Basically, we are continuously deforming the path by letting the second parameter change.

Let’s draw some paths to understand that. It’s easier to understand topologywhenwe draw some squiggles. Well, suppose
we have two paths from 0 to 1.

Figure 14: Visualization of a homotopy

The idea is that we can fill in paths in between (sort of like a sequence, but the paths are really close together) so that
we can morph from one path to another. Each�(C � B) for some fixed B is a new path that also varies for C ∈ [0� 1], and
those represent the intermediate paths that we use to get from �0 to �1.
All that B is doing is choosing the in-between path (while C represents where on the path we are). The homotopy, by
the way, isn’t changing the endpoints of the paths, so �(0� B) = 0 and �(1� B) = 1 for any B ∈ [0� 1].

These don’t relate to anything about shortest paths. Remember, topology is structured very loosely, and very crazy func-
tions � could always exist. For instance, it could do something really weird and first go outside, but then go back inside.

Let’s draw another example before we get on to rigorously defining holes and stuff.

Let’s go to�2 for an idea. For instance, consider the trivial path �0 : [0� 1] → �2.

The trivial path is just going to be C ↦→ 0, so everything stays at the origin, always. By the way, since it starts and ends
at the origin, let’s actually call this the trivial loop.

And then, take some random arbitrary path �1 : [0� 1] → �2 that also starts and ends at the origin.

Page 9 of Algebraic Topology



Ross/Indiana 2025 Jenny, Timothy, Kaka, Akhil

Aareyan“Pay attention to the things I write. I will “intentionally” miswrite things to make sure you guys are following.
Everything I say is a podasip.

We claim that these two are homotopic, and it isn’t too hard to write a rigorous proof. Let’s define �(C � B) := B�1(C), so
basically all the intermediate paths are scalar multiples of �1. Well, this is definitely continuous, but we get back to the
trivial loop when B = 0.

Figure 15: Every loop is homotopy equivalent to and can be shrunken down to the trivial loop

Note the important nuance in the definition of a homotopy. By convention, we will assume that for two paths to be
homotopic, they must have the same endpoints (so �0(0) = �1(0) and �0(1) = �1(1)) but also that every intermediate
function also shares those two endpoints. In fact, there are differences—some paths with the same endpoints are
homotopic if we allow the intermediate endpoints to vary, but not otherwise (confirmed by Mustafa, who is scared by
those). On the other hand, if we did consider paths with different endpoints, then every path would be homotopic to
the trivial one using a similar procedure.

But anyway, every path is homotopic to the trivial path. And, since this path has the same start and end, we call it the
trivial loop. And, you can use a similar argument to show that if we have any two points, any two paths between the two
are homotopic.

Aareyan“Iexpect a full, rigorous write-up of this from you by tomorrow. What is your name again?
What“What?
Aareyan“What? That is an interesting name.

3.1 Fundamental Group

So now, we can talk about holes.
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Fundamental Group

�1(-� G0) is defined as {� : [0� 1] → - up to homotopy� �(0) = �(1) = G0}. Basically, it’s all the loops going
around G0 up to homotopy.

Hopefully, this fundamental group is going to capture this notion of holes. If there’s a hole, thenwewon’t be able to “pull”
our loop through the hole—it’ll get stuck.

Figure 16: �0 and �1 represent the same loop up to homotopy

We pretty much calculated �1(�2 � 0), and that’s just the trivial group because every loop is homotopic.

That’s a nice set, but he doesn’t like sets that much. He claims that �1 has more structure—it’s the fundamental group, so
surely it must be a group as well!

Well, what is a group? It’s not part of the Ross curriculum, so we should write it down.
Group

A group is a set � with a binary operation ∗ (so we write it (�� ∗)) where

• (associativity) ∀ 0 ∀ 1 ∀ 2� (0 ∗ 1) ∗ 2 = 0 ∗ (1 ∗ 2),
• (identity) ∃ 4 � ∀ 0� 4 ∗ 0 = 0 ∗ 4 = 0,
• (invertibility) ∀ 0� ∃ 0′� 0 ∗ 0′ = 0′ ∗ 0 = 4 .

Jenny“[Wrote on iPad.] Is Aareyan’s shirt backwards?

Well, what operation can we do to two loops?
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Figure 17: Two loops

We can certainly do one of them and then the other one. How do we write this down?

Well, we need to define that piecewise, where we traverse the first one and then the second one. So,

�0 8 �1(C) =
(
�0(2C) 0 ≤ C ≤ 1

2 �

�1(2C − 1) 1
2 ≤ C ≤ 1�

Note that the speed doesn’t matter since we can just continuously slow it down or speed it up, and that will be a
homotopy. Also, at C = 1/2 itself, even though it looks like we’ve given multiple definitions for (�0 8 �1)(1/2), they
are actually the same because of our assumption that both are loops, so �0(1) = �1(0).

Aareyan“Thanks for the answer. Is your name Ziyao?
What“What? (Someone said “it’s Lucas.”)
Aareyan“Oh, so you are the other Lucas.

Well, associativity starts to get scary. For instance, 0 ∗ (1 ∗ 2) does the first loop 0 in half the time, while (0 ∗ 1) ∗ 2 does the
first one in a fourth of the time. However, since we’ve defined this up to homotopy, we can convince ourselves that they
are basically the same because speed doesn’t matter.

Also, what is the inverse of a loop?

Just go backwards! That gets us back to the trivial loop under homotopy because we can just unravel the loop.

Let’s work out an example. Well, let’s just consider �1(�2).

That’s weird notation because we’re used to considering �(�2 � G0) with a point of reference, but this really does not
matter. Nomatter what base point we choose, the resulting groups will be isomorphic because of path-connectedness.
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But, if we really wanted to be formal, we would consider �(�2 � 0). But, anyways, that is just {4} where 4 is the trivial
loop—every loop is homotopic to the trivial loop as we showed earlier.

3.2 Circle

What about �1((1)? That’s not going to be the trivial group.
Andrew“So, we are going backwards, right? Just like your shirt?
Aareyan“Let’s blame someone who made me get no sleep yesterday by crashing out for three hours in my room.

Well, what about the path that goes around the circle exactly once? That’s not the same as the trivial loop since we have
a hole in the middle. So, this is not the trivial group.

Instead, we claim this is � under addition, where the number of times we go around (say, clockwise or
counterclockwise—it doesn’t matter).

Let’s sort of lift up the diagram to understand the loop better. That gives us a helix that goes above the circle in a sense.

Figure 18: [0� 1]mapped onto a “spiral staircase”

Specifically, we are just mapping [0� 1] → � so as to stretch out the path and make it easier to work with. That map
gives the I-coordinate, while we stay at the same G- and H-coordinates. Basically, we have the points on this helix are
(cos(2�B)� sin(2�B)� B).

The idea is that the staircase will represent the total progression along the circle. Sure, wemight backtrack repeatedly
on the actual path, but that will just be represented by retracing part of the spiral staircase. As a result, if we look at
just the shape that’s traced out, it’ll sort of erase all the backtracking.

And, this will be unrigorous, but Aareyan claims that finding such a map is not too hard. If � : [0� 1] → (1 is our original
map, let’s call that �̃ : [0� 1] → �, and we want it to satisfy the property that � = ? ◦ �̃ in the sense that ? projects the
height into the actual G- and H-coordinates on (1.
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That is, ?(B) = (cos(2�8B)� sin(2�8B)), and that’s what gives the staircase its helix shape.

There are some other properties about this explosion upward into a helix, but those are left to the reader.

Well, the homotopy up there is quite nice. Earlier, we said that this erases the backtracking, and that’s because any two
paths are homotopic in this new space. We can do convex combinations because there’s no hole.

Specifically, a convex combination is just a weighted average where we change the weights. For instance, when we
earlier talked about how every loop of�2 is homotopic to the trivial loop, we just took a varying weighted average of
the original loop and the trivial loop, which gave us a continuous function and proved homotopy.
In particular, convex combinations only works when the space in between the two loops has no holes in it, i.e., convex
spaces. That is, the set between them is convex. As a result, so long as nothing odd is going on, any two loops will
be homotopic (e.g., by taking B�1 + (1 − B)�0). This, by the way, came up in Prof. Holder’s class, in which convex
combinations are how we define simplices. In fact, simplices will appear again.

In particular, we claim that the homotopy class depends only on the integers, i.e., howmany integer points appear. Recall-
ing that we earlier noted that backtracking is essentially erased in this new representation, we only need to think about
the integer points because that describes how many times we go around in total.

Figure 19: Path in [0� 1] vs. path in lifted staircase

But, since we only consider the integer points, then that’s how we get the group being isomorphic to (��+).

Here’s a recap of the proof.

• First, we lift up the path so that we get a much nicer path. The helix is purely for visualization purposes, and we
could just consider taking the loop to a line segment that erases the data in the G- and H-coordinates. This function
is �̃.

• Then, we only consider the integer points. All we care about is the number of integer points since that’s precisely
the number of times we wind around the circle.

Random comment I found interesting—how do we know that �̃ doesn’t go on infinitely? That’s just because, if it did,
then it would oscillate super super fast and not be continuous.

By the way, if we go the other way (i.e., we choose a direction at the start and we go in the opposite direction), then that
would be interpreted as going down instead of up.
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Well, we don’t need to be too rigorous, and our intuition should carry us throughout.

3.3 Functoriality

Let’s talk more about the fundamental group. One thing is its functoriality, which just means that the fundamental group
(a group-theoretic concept) plays nicely with homeomorphisms (a topological concept). If you search up this term online,
you’ll hear about functors, which are just like meta-functions that take different categories (e.g., groups and topological
spaces) to each other. That’s the formal way to encode that the different objects are related to each other.

In particular, functorality would show that the fundamental group is invariant, so it will stay the same under homeo-
morphism.

Well, we claim that if 5 is a continuous function (-� G0) → (.� H0) such that 5 (G0) = H0, then it induces a homomorphism
5∗ : �1(-� G0) → �1(.� H0).

Figure 20: Homomorphism 5∗

Aareyan“What is a homomorphism?
BT“Family 13! I taught you this!
Family 13“We only learned automorphisms!
JCs“Audible laughs.

Well, the general idea is that it preserves the algebraic structures. So, one thing is that 5∗(01) = 5∗(0) 5∗(1).

By the way, that automatically shows that 5∗(4) = 4∗ (the identity element of the second group) because 5∗(4) =
5∗(4) 5∗(4), so multiplying by the inverse 5∗(4)−1 gives 5∗(4) = 4∗. That also shows that inverses are preserved.
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Anyhow, how canwe prove that here? The idea is just to set ( 5∗(�))(C) to be 5 (�(C)). This seems like a perfectly reasonable
definition—just apply the homomorphism to each point on the loop at each time step, we do need to prove this weird thing
called being well-defined.

If we have had experience with equivalence classes, then we will know that just defining an operation can be difficult.
For instance, we can’t define exponents in modular arithmetic because, in general, the results will differ even if they
map to the same thing.
As a result, we need to show that homotopic loops give homotopic loops.

And then, it’s not too hard to show that it preserves the operation by showing the homotopy explicitly using the defini-
tions. Well, anyway, let’s go further.

Claim.

Let 5 : - → . be a homeomorphism. Then, 5∗ : �1(-� G0) → �1(.� H0) is a group isomorphism (where we define
G0 and H0 as before).

Well, we showed part of that because an isomorphism is just a bijective homomorphism. Further, we know that the first
function is a bijection (since it’s a homeomorphism), which implies we can sort of describe the inverse of the second one
using that of the first. This is the idea of functoriality showing up again.

So, that’s why the fundamental group is super hard in general. What about higher-dimensional spheres?
Aareyan“In fact, Connor will describe that right now.
Connor“Wait, right now? Let’s take a 5-minute break, actually.
Connor“[9 minutes later.] It’s lock-in o’clock!

4 Scarier Holes

What Aareyan showed us for the past hour was finding a fundamental group and some examples—both the circle and�2.

Doing it for the circle was very hard. What if we have a really scary object? The spiral staircase method won’t work
then.
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Figure 21: Really scary object

We can try another direction.

4.1 Way #1 (Products)

Instead, let’s see how we can build the fundamental group if we understand smaller topological spaces.

A topological space is just a nice-enough subset of�= .

Specifically, let’s say that - and. are both topological spaces. We can take their product, which is just

- × . = {(G� H) | G ∈ -� H ∈ .}�

For instance, the square is just [0� 1] × [0� 1].

What about (1 × (1?

Connor claims this is a torus, but here’s how we see that.

Figure 22: (1 × (1

Here’s another way to see that. First, the plain [0� 1] × [0� 1] is a boring square.
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Figure 23: [0� 1] × [0� 1]

But, (1 is basically the same as [0� 1], except 0 = 1. Basically, we identify the two endpoints (i.e., treat them the same).
But, when we multiply by the other set, then this identification stretches out the endpoints in a sense, so the the two
edges are the same.
In particular, we fold the two together. The technical term for that is identifying them together, which means we treat
the two edges as the same in classic Pac-Man style.

Topologists do something weird where the exponent is the dimension. So, )2 is the torus in two dimensions (in general,
a torus is just something with one hole), and we write (1 × (1 � )2. A torus is two-dimensional because we just consider
the surface.

So, (2 is not (1 × (1 but rather the two-dimensional sphere. In fact, (1 × (1 � (2 because the former has too many
holes.

Well, is it true that if we know the fundamental group of each factor, then we also know the fundamental group of the
product? Yes! (But, this will be a bit more complicated for unions, which is later.)

First, any path � : [0� 1] → - × . is sort of like �(C) = (�G(C)� �H(C)). Basically, we’ve decomposed things, and paths in
- × . are just pairs of paths where one is on - and one is in .. We could consider this a sort of parameterization of the
path, but it is distinct from a regular parameterization because - and. don’t need to be one-dimensional.

Moreover, a homotopy in this case is just a pair of homotopies in each component. That is, �(C � B) =

(�G(C � B)� �H(C � B)) where we have a separate homotopy in - and in..

So, that’s a nice correspondence.
Connor“That’s a terrible brace, but still better than Aareyan’s.
Connor“There’s a fly that just flew (yes, flies fly). Oh! Now it’s on my glasses!
Thor“That’s the same fly that’s been on me!

That’s the start of a correspondence, but let’s show that the algebraic structures are the same, as well.
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As a set, �1(- × .� (G0 � H0)) is just {(�G � �H) | �G ∈ �1(-)� �2 ∈ �2(.)}.
Sarah“Max, can I have some popcorn?

So, at least as a set, the fundamental group of the product is the product of the fundamental groups. We just get the same
coordinate-by-coordinate. Specifically, (�0

G � �
0
H ) ∗ (�1

G � �
1
H ) = (�0

G ∗ �1
G � �

0
H ∗ �1

H ).

Yes, we are using superscripts for indexing, which really annoys people in Operations Research for some reason.

But anyway, we see that the isomorphism is not just as sets, but actually as a group isomorphism. Cool!

So, the idea is just to work in - individually and separately in.. This is a really powerful theorem, and that immediately
allows us to compute the fundamental group of a torus.

Well, we have )2 ' (1 × (1, so that means that �1()2) = {(�G ��H) | �G ∈ �1((1)��H ∈ �1((1)}.
We’re just breaking them down using our theorem from before. (Also, we didn’t write �G ��H ∈ �1((1) since techni-
cally the (1 are the same space but different in the sense that they do not interact).
Anyways, let’s now apply Aareyan’s work that the fundamental group of (1 is �. So, we take the product of � with
itself, andwe get�2. That’s just an integer lattice, andwe can think of the two options as the twoways of going around
the torus, as follows.

Figure 24: Two loops generators on a torus

Hence, we can think of this as points in the integer plane where addition is just adding the components separately.

By the way, - × . is just the same as . × - , not necessarily as the same set, but at least homeomorphic where the
homeomorphism is interchanging the two.

4.2 Way #2 (Unions)

This is just the union. While products were a bit notationally heavy, unions are not so simple. The fundamental group is
definitely not just going to be the union of the original two.

By the way, union is a bit scary to think about. For instance, it wouldmake no sense to take the union of things in different
dimensions, so we’ll consider taking the union only in a fixed one. For instance, if two things are subsets of�2, then their
union is, as well.
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Well, the scary part is that the union depends on how exactly we take their union. For instance, if the holes overlap,
then the result might have a different number of holes than otherwise.
So, things depend on the intersection, and that itself depends on orientation and position in space.

For instance, here are two subsets - and . where some of their holes just happen to perfectly match up. While it’s true
that there are other cases where the holes could disappear, we illustrate another interesting possibility.

Figure 25: - and. with overlapping hole

Meanwhile, there are some cases where the two holes do not overlap. The above and below shapes are quite literally the
same (homeomorphic), but one has four holes and the other has three holes.

Figure 26: - and. with no shared hole

Everyone“Applauds as Max kills a bug with Expo spray.
Sarah“Can I have some more popcorn?
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Max“Guys, the June bug is crunchy, but the moth was not.
Connor“It’s lock-in o’clock. Sǔo Dìng (��)!

Connor wants to reiterate why the intersection matters. In the first case, the union could have three holes because one
holewas counted twice. But, in the second case, therewas no double-counting, and the two holeswere counted separately.

That makes things a lot more complicated. So, we’ll start off simple and build up to a general result.

Well, let’s consider the union of two circles at a single point. Well,�1(two circles joined at a point) isn’t even that hard.

Figure 27: Kissing circles

Specifically, we can just switch back and forth to get loops in this union.

In that sense, they are quite independent of each other. In fact, if we go around the first circle, then the second, then
backwards for the second circle, then that is not the same as just going around the second circle.

Figure 28: A first loop going around the left circle
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Figure 29: A second loop going around the right circle

Figure 30: A third loop going backward around the left circle

If we only did the first and third loops, they would cancel out to give us the trivial loop. But, since we insert the second
loop going around the right circle, then there’s no longer any interaction. That is, the identities do not extend across
elements from the other group, and this makes the group free. It is also a lot more complicated than a regular product.

Algebraically, suppose we have two copies of the integers�
1
and�

2
, so �1((1

1) = �
1
and �1((1

2) = �
2
.

And then, those are generated by 1
1
and 1

2
. This is very strange notation.

Well, the general concept of a free group is that it is not commutative to the fullest extent. Specifically, it satisfies the
fewest algebraic relations possible. So, if we have something like 1

1
∗ 1

2
∗ (−1

1
), this is not the same as 1

1
∗ (−1

1
) ∗ 1

2
(that latter

one simplifies to 1
2
). Even though 1

1
and −1

1
are inverses and satisfy an algebraic relation, that relation is interrupted by 1

2

and can’t pass through what is in the other group.

But, here’s what a free group is rigorously.
Free Group

If � and � are groups, the free group is � 8� = {“words” made with elements of � and �}.

In other words, the two groups are independent and don’t interact at all, so they are basically free from relations.

That is, the only time we can simplify is if they are directly consecutive—there is nothing on the other side interfering
with it.

So, this is sort of whatwe dowith unions. Here’s a theorem. Below, whenwe say connected, we just talk about the intuitive
notion with nice topological spaces (where path-connectedness and connectedness and everything else are actually the
same).
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Weak Seifert-van Kampen

If - and . are spaces and - ∩ . is connected and �1(- ∩ .) is trivial (is the trivial group, so �1 with only one
element), then �1(- ∪ .) = �1(-)8�1(.) aside from some technicalities.

For instance, we do need other conditions, like the intersection being open. But, it works inmost cases that we care about.

For instance, in this case with two kissing circles, the intersection is just a point, so its fundamental group is trivial.
That means that the fundamental group of the pair of kissing circles is �1(kissing circles) = �8�.

Well, here’s an application of that to �1(�2 \ {G1 � G2}). Those G1 and G2 are just arbitrary distinct points. We also call
this guy the twice-punctured plane.

Well, let’s split this up, so -�. ⊂ �2 both contain one hole. We also want their intersection to contain neither hole.

Figure 31: �1(�2 \ {G1 � G2})

It’s important that this intersection is open (we don’t contain the boundary), and that’s why it’s homeomorphic to�2 by
just expanding it (we could use the tangent function if wewanted). Further, this intersection is quite obviously connected.

This means that our condition is satisfied. But, what is the fundamental group of either?
We can do the staircase/spiral argument on each component. That’s a hand-wavy explanation, but it’s basically the
circle (since the hole is the same in both cases).

By the way, a deformation retract is another method we might perform. It’s a map that still preserves the fundamental
group (andmany other properties) but isn’t as restrictive as a homeomorphism. Then, the once-punctured plane actually
turns this into a circle, and we would be done.

Page 23 of Algebraic Topology



Ross/Indiana 2025 Jenny, Timothy, Kaka, Akhil

Figure 32: The plane contracts to a circle surrounding the hole

Either way, we have �1(- ∪ .) � �1((1)8�1((1) � �8�.

Scary Unions

Well, what if �1(- ∩ .) is not trivial? Let’s say there’s a hole in the intersection.

Figure 33: Hole in �1(- ∩ .)

In the free product, we assumed that we can do a little bit of - and do a little bit of ., and they don’t interact. But
here, it’s possible to have both a (non-trivial) loop in - and a loop in..

So, our free product would fail because we would think of them as different when they are really the same. Instead, we
need to define an amalgamated product (a very fun word) that is sort of a free group except we specify that the common
loops really are the same in some formal way. The normal way to do this is modding out by an equivalence relation, and
that’s precisely what we’ll do.

Don’t worry if you haven’t seen quotient groups. It’s just like�17, where we identify some things using an equivalence
relation. That is, two things are equivalent if they differ by a multiple of 17. This is a very hand-wavy notion, but as
long as you understand the idea of smushing a whole class of things into one variable, then you get what a quotient
group is.
Here, two things are equivalent if the only difference is that we use different versions of the loops in the intersection.
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Amalgamated Product

Let �1, �2, and � be groups. Then, given the homomorphisms !1 : � → �1 and !2 : � → �2, we define the
amalgamated product as

�1 8� �2 = �1 8�2
.
{!1(�0) = !2(�0) | �0 ∈ �} �

So, in the sense that �17 can be thought of as a bunch of equivalence classes rather than actual numbers, the same goes
here—we take the free product and then say that some things are the same.

For now, !1 and !2 are just given, but the real statement of Seifert-van Kampen will tell us what homomorphisms to use.

It’s a quirk that we use8� to denote the “intersection,” but, even though there are many options for !1 and !2 that
could give wildly different results, they are left implicit and are not captured by the notation.

In particular,� would represent the fundamental group of the intersection - ∩., while �1 and �2 are the fundamental
groups of either - or.. Then, since the intersection is basically containedwithin both - and., then !1 and !2 will send
loops in the intersection to the equivalent loop in - and., respectively.

That is, no matter if we consider the thing as part of �1(-) or �1(.), it’s the same element/loop.

For instance, let’s say we have 61 ∈ �1, :1 ∈ �1, 62 ∈ �2, :2 ∈ �2, and where :1 = !1(�) and :2 = !2(�).

Figure 34: �1(- ∪ .) where

Then, consider 61 ∗ :2 ∗ :−1
1 ∗ 62. In the free product, this would not simplify. But, this should intuitively simplify

because :1 and :2 aren’t actually different loops, and they should cancel out.

Algebraically, the reason this actually does simplify is because of our homomorphism. Since !1(�) = !2(�), then

61 ∗ !2(�) ∗ !2(�)−1 ∗ 62 = 61 ∗ 62�

In other words, we’ve just identified them to be the same. That’s the general amalgamated product, but the following
theorem tells us exactly how to choose our homomorphisms.
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Seifert-Van Kampen

If - and . are spaces with - ∩ . connected, then there exist !G : �1(- ∩ .) → �1(-) and !H : �1(- ∩ .) →
�1(.) that is induced by functoriality.

Functoriality is just a fancy term encoding the idea of groups and topological spaces playing nicely with each other. In a
sense, we are thinking of � as already being in our topological space, and the fundamental group should reflect that. So,
these homomorphisms aren’t really doing anything that interesting.

The only reasonwe use them is that wewant to be rigorous. For instance, it would bewrong to say� ⊂ � because each
real number is probably defined with Dedekind cuts (sets) or something. Instead, we need to say that� is isomorphic
to a subring of � (there is a homomorphism from � to �), and that’s sort of what we’re doing here. We’re choosing
the canonical one here.

So, the amalgamated product isn’t too easy to work with because it just formalizes something we already knew. It doesn’t
give us something explicit— there are still things to check, and even if we know everything about the groups we had from
before, then there’s still some work to do for the amalgamated product.

Is the weak Siefert-Van Kampen theorem an immediate consequence of this version? Yeah! That’s because we are just
quotienting by something trivial (like,�0 is just�).

5 Interlude — Applications

It’s lock-in o’clock. Nope, here’s a joke.
Dr. K (Neil Kolekar)“Why did the plane crash in a zigzag?

Figure 35: Dr. K’s plane crash

Answer

Because the plane had one puncture, and the fundamental group of a once-punctured plane is�.

Connor“Why are the counselors yapping so loudly?
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5.1 Fundamental Group of the Sphere

We’ll do one more fundamental group, and that one will be of the sphere. This is (2 because it’s two-dimensional, so we
want �1((2).

We will use Seifert-van Kampen and compute the amalgamated product.

Maybe we do two hemispheres. Then, - would be the upper half and a bit, while . would be the lower half and a bit.

Figure 36: �1((2) as “hemispheres”

There’s a bit of overlap in the middle. For instance, if Connor’s head is a sphere, then we can make - be everything
strictly above his mouth and. be everything strictly below his nose.
Importantly, his mouth is below his nose, so there’s an overlap.

Well, if we take the top half of a sphere and uncurl it, then both - and . will be homeomorphic to�2 (because they are
open spaces).

Figure 37: Unfolding the upper hemisphere

Well, the intersection of - ∩ . is just a cylinder, so its fundamental group is � because cylinders are just circles. In
particular, cylinders are (1×[0� 1], and the latter has a trivial fundamental group, so we just use our theorem on products.

In particular, �1((2) � �1(-)8�1(-∩.) �1(.). But, �1(-) = �1(.) = �1(�2), and all are just the trivial group!
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So, we get {4}8�1(cylinder) {4}. Well, the free product is trivial, but the amalgamated group is even simpler than the free
product (since we identify even more things).

Mustafa“Hey, “what is” is trademarked! [After Connor asked “what is {4}8 {4}?”]

So, �1((2) = {4}. That’s because �1(-) and �1(.) are both useless, so we don’t even care about what their intersection
is.

Well, we think we got off lightly because we computed this quite easily. But, this is actually bad news. So far, the
fundamental group has helped us understand holes.

But, �1((2) is trivial even though it does have a hole! In a sense, this is a sign that higher-dimensional holes aren’t being
captured by �1. It only sees lower-dimensional holes.

5.2 Distinguishing Spaces

But, before we move on from �1, let’s find an application to show that�2 and�3 are not the same (sort of as promised
by Matthias).

The idea is to distinguish�2 \ {0} and�3 \ {0}? Well, �1(�2 \ {0}) � �.
But, �1(�3 \ {0}) is trivial, and we can see that in many different ways. We could do the same Seifert-van Kampen
method, but we could also project any loop onto the sphere (with some special cases for going through 0) and show
the homotopy because �1((3) is trivial.
It’s sort of like a deformation retract like we talked about before, though we still need to consider the special case of
the origin.

It seems super trivial to show that �2 and �3 are different, but this is really the only method for understanding such
spaces, and we can’t do any better. Yes, it’s obvious, but this really is the only way to show it rigorously. Fundamental
groups are the only way we can work with things since we haven’t really defined topological invariants.

Aareyan“Let’s work out... Let’s work out... Let’s work out!
Kaka“Do your 11 push-ups right now.
Timothy“There’s a Planet Fitness near the movie theatre, by the way.

Well, it was not quite satisfying because this seems obvious. Why arewe doing somuchwork to prove something intuitive?
Here’s a nice theorem that is not at all obvious.
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5.3 Fixed Points

By the way,�2 is the disk in two-dimensions, which includes its boundary and interior (whereas,�1 is a line segment). It
is two-dimensional because we need two coordinates—even though (1 and�2 don’t seem too different and are embedded
in the same dimension, they are considered to have different dimensions as shapes.

Brouwer’s Fixed Point Theorem

Let 5 : �2 → �2 be continuous and bijective. Then, it has a fixed point, so there exists some G such that 5 (G) = G.

This is a nice and elegant proof.
Proof.

Well, suppose 5 : �2 → �2 is a map without a fixed point. Let’s start by considering some function 6 that maps�2

to (1 by taking the ray from 5 (G) to G and intersecting with the boundary. This requires the assumption that 5 (G) < G
(if they are the same, then there’s no well-defined ray). We can also convince ourselves that this is a continuous map.

Figure 38: Points G, 5 (G), and the projection onto (1

One thing we might notice is that 6|(1 = id(1 . That is, if we only consider the boundary points (so, we restrict to (1),
then 6 does nothing—if we are already on the circle, then projecting to the circle does nothing! (The formal term for
this is a retraction mapping.)
Well, this is absurd, and we claim this produces a contradiction. (It seems crazy that we could tear apart a disk and
retract it onto the circle while being continuous. For instance, we definitely couldn’t do this for�1, the line segment,
because there’s clearly no continuous map that sends everything to the endpoints.)
But, the way we think about this is again through the topological invariants. It turns out that the fundamental group
can only get smaller under retractions (which is a general property). Let’s start by defining 6∗ : �1(�2) → �1((1) as
follows. For any loop �, then 6(�) is also a loop—where we just apply 6 on each point. This makes sense as a function
because 6 gives something in (1.
So then, when we mean that the retraction can only shrink the fundamental group, we mean that 6∗ is a surjection.
In particular, is it true that given any loop on the surface, we can find a loop in the disk that maps to it? Yeah, and it’s
easy! The loop on the circle is still a loop in the disk. But, that is really funny though, because we’ve found a surjection
from the trivial group �1(�2) to �1((1) � �—even though� is a whole lot bigger.
Alternatively, we’ve shown that �1((1) is actually just the trivial group itself. That’s because any loop in�2 is homo-
topic to the trivial loop.
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